The origin of warping in the valence band of silicon is studied using tight-binding and k•p calculations. A number of new analytical expressions for the dispersion and effective masses are given. A measure of warping is also proposed.
I. INTRODUCTION
The study of the valence band ͑VB͒ of diamond-type semiconductors goes back at least as far back as a paper by Shockley.
1 Detailed study commenced in the classic paper by Dresselhaus, Kip, and Kittel 2 in which the A, B, C parameters were introduced in a three-band k• p model to describe the structure of the VB; the parameters were determined from measurements of the effective mass as a function of angle in k space in cyclotron experiments. The modern importance of a detailed understanding of the VB rests upon its role in heterostructure physics; as a result, newer studies have emerged. One such example is the attempt to reproduce the warping using tight-binding ͑TB͒ models. 3 In the latter paper, Boykin et al. derived a number of interesting constraints that must be satisfied by the VB effective masses for zinc-blende semiconductors. They then used measured warping, i.e., masses differing along different k directions, to propose obtaining better TB parameter sets.
The purpose of the present Brief Report is to study how well TB models can reproduce warping. Our goal is not primarily to obtain better parameter sets, as in Boykin et al., 3 but to see what kind of a TB model is needed in order to reproduce warping. Our goal was also prompted by a statement by Fishman 4 that sp 3 TB models reproduce isotropic VB effective masses.
The Brief Report is organized as follows. We first present some new results for the exact energy dispersions of the heavy-hole (hh) and light-hole (lh) states and of the corresponding effective masses along certain directions in k space using a third-nearest-neighbor ͑3NN͒ sp 3 model without spin-orbit coupling ͑no spin͒. We have then computed the valence-band dispersion of silicon using a number of different TB parameter sets and models. However, detailed results will only be presented for the three parameter sets which reproduce very accurate overall band structures. [5] [6] [7] 
II. VALENCE BAND OF DIAMOND-TYPE SEMICONDUCTORS
The existence of exact analytic expressions for energy dispersions depend upon not only the structureunder study but also the model used. For example, a three-band k• p model for diamond has been known to give the VB energies for an arbitrary wave vector:
No analogous exact dispersion relation for valence states for arbitrary wave vectors can be obtained even within nearest-neighbor TB theory. Slater and Koster 8 pointed out that exact dispersions can be obtained for the ⌬ direction and for the hh states along the ⌳ direction, using an eight-band sp 3 model; however, they did not give those expressions. More recently, Loehr and Talwar 9 gave some dispersions and effective masses along ͓100͔ for a second-nearest-neighbor ͑2NN͒ sp 3 no-spin model; Boykin and co-workers have also obtained ͓100͔ masses for the valence band at the ⌫ point using a 2NN sp 3 s* spin-orbit model. 10, 11 Boykin et al. 3 also gave masses along ͓110͔ and ͓111͔ using a 2NN sp 3 model with spin. All of the above work was for zinc-blende crystals.
We here give the equations that are obtained using a thirdnearest-neighbor sp 3 model for diamond crystals ͑in the absence of spin͒:
where the E's, V's, W's, and U's are on-site, nearestneighbor, second-nearest-neighbor, and third-nearestneighbor TB parameters, respectively ͑see Ref. 12 for exact definitions͒, a 0 is the lattice constant, and k is the magnitude of the wave vector in the respective directions.
We have also obtained a number of effective masses exactly for the 3NN no-spin sp 3 model:
ͬ .
͑7͒
The latter equations can be used to evaluate the effective masses exactly, without recourse to numerical differentiation. ͑Note, however, that another general approach is given in Ref. 13 .͒ This is advantageous when implementing fitting algorithms. The relation among effective masses obtained by Boykin et al. 3 can be trivially obtained from a k•p model; we have verified this using Eq. ͑1͒. Hence, that result, derived using a 2NN TB model in Ref. 3 , is a general one. Furthermore, we will be deriving the k• p parameters from TB models. For this, we will use the following equations, again derived from Eq. ͑1͒: .
͑8͒

͑9͒
This approach for relating a TB model to a k•p one does not appear to have been used before. One finds the interesting result that, for a 1NN sp 3 no-spin model, the warping would be exactly zero if V xx ϭV xy . This condition is relaxed if one introduces d orbitals or if one goes beyond 1NN. These two cases will be studied numerically in the next section.
III. COMPARISONS
We have recalculated the band structure along various directions using the TB models of Tserbak et al., 5 Jancu et al., 6 and Niquet et al. 7 Figure 1 shows that they are in very good overall agreement. We remind the reader that all three models include spin-orbit coupling.
Next, we compare the warping that is obtained using these models and using a three-band k• p model. We show, in Fig.  2͑a͒ , the dispersions when going from ⌬ to ⌺ to ⌳ for fixed kϭ0.02/a 0 using the three models. We see that all three models display warping. Indeed, the calculated effective masses are all anisotropic ͑Table I͒. This is in contrast to what was claimed by Fishman. The reason is because the model used by Fishman is actually a bond-orbital model with only two parameters. Indeed, it is a simplified version of a TB model; for example, such a model has a dispersionless hh band. Figure 2͑a͒ shows same trend in warping is found. In Fig. 2͑b͒ , we provide more conventional plots of the warping obtained using Niquet et al. Similar calculations of warping using a number of other sp 3 TB parameter sets that do not reproduce the overall band structure as well led to poorly reproduced warping as well. One concludes that d orbitals are not required to generate warping per se or to generate substantial warping. Indeed, the fact that an sp 3 model can reproduce warping similar to that obtained from k•p theory is implicit in the paper by Chang 14 where a three-band sp-based effective bond-orbital model ͑EBOM͒ was equated to the k• p Hamiltonian. Obviously, one advantage of all the localized-orbital models ͑TB, EBOM͒ is that they display nonparabolicity of the valence bands.
We have next compared the warping of the lh band to that of the hh band. For lh, our measure of warping gives Ϫ0.38 for k• p, Ϫ0.50 for Jancu et al., Ϫ0.08 for Tserbak et al., and Ϫ0.35 for Niquet et al. We note that in k•p theory, a single parameter ͑C͒ is used to characterize the warping, even though the warping is known to be different for the hh and lh bands. Thus, it is often said that there is no warping if Cϭ0. While this is certainly true, C alone does not provide a measure of the difference in warping between the hh and lh bands. This is evident if one derives the k•p representation of our warping parameter:
In addition, combining Eqs. ͑8͒ and ͑11͒, one can write In summary, we have proposed a simple parameter to distinguish the warping of the valence band due to different bands. We have also derived a number of new exact dispersions and effective masses within TB theory and, also, new equations connecting TB and k•p theories. We have shown that d orbitals are not required to reproduce significant warping of the valence bands of diamond-type semiconductors but can, nevertheless, do so. Finally it is also suggested that nonparabolicity be used as an additional way of ascertaining how good a TB parameter set is. 
